New solutions of SU (N ) N = 4 SYM on R 4 interpreted as spinning self-intersecting extra dimensions are discussed. Remarkably, these backgrounds lead to a low-energy sector with 3 generations of chiral fermions coupled to scalar and gauge fields, with standard Lorentzinvariant kinematics. This sector arises from zero modes localized in the extra dimensions, which are oblivious to the background rotation at low energies. In addition there is a sector of "heavy" excitations which is not described by a Lorentz-invariant field theory, but is argued to be suppressed at low energies assuming that resonances can be avoided. Depending on the rotation frequencies, some of the low-energy scalar fields acquire a VEV, and large hierarchies can naturally be stabilized by the background. We identify configurations which may lead to a low-energy physics not far from the broken phase of the standard model.
Introduction
Simplicity has always been a central guiding principle in theoretical physics. In the theory of fundamental interactions, this leads naturally to the idea of grand unified models. Another idea is that a simple higher-dimensional theory, such as string theory, might explain the rich low-energy phenomenology in terms of some compactification R 4 × K. Remarkably, both ideas can be combined and realized within 4-dimensional gauge theory, through a geometrical version of the Higgs mechanism. For example, starting with N = 4 super-Yang-Mills (SYM) amended by a suitable cubic potential, the behavior of a higher-dimensional theory on R 4 ×K N may emerge in a non-trivial vacuum, within a certain range of energies. Here K N is some approximation to a compact space K ⊂ R 6 , such as a fuzzy sphere, or some more complicated fuzzy manifold. This mechanism of dynamically generating fuzzy extra dimensions has been studied in various guises and examples, see e.g. [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] . It allows to obtain the attractive features and the structure of a higher-dimensional theory starting from a simple 4-dimensional gauge theory.
Although in basic examples the resulting low-energy physics is somewhat academic, progress has been made recently towards more interesting low-energy behavior. In particular, chiral fermions can be obtained for backgrounds which locally span all 6 internal dimensions in N = 4 SYM, e.g. via intersecting branes [13, 14] . A particularly interesting and non-trivial example was found in [15] , where K N ∼ = C N [µ] is a fuzzy version of a squashed (or projected) self-intersecting coadjoint orbit of SU (3). This leads to 3 generations of chiral fermions in the low-energy theory, localized at the origin of the extra dimensions. These solutions can be stabilized by a cubic soft SUSY breaking term in the potential, which is added by hand. This may seem unavoidable, but it spoils the simplicity and the special role of N = 4 SYM. Analogous solutions arise also in the IKKT or IIB matrix model [16] , where the cubic terms are more problematic since logarithmic UV divergences typically lead to UV/IR mixing.
In the present paper, we show that the R 4 ×C N [µ] solutions arise even in pure vanilla N = 4 SYM without any SUSY-breaking potential, if the compact space is allowed to spin. This corresponds to a condensate of SO(6) currents with maximal rank. There are of course many spinning background solutions in N = 4 SYM and related matrix models (see e.g. [17, 18] ), however they typically lead to significant breaking of Lorentz invariance with unacceptable low-energy kinematics, at least for interesting cases with chiral fermions at intersecting branes [19] . The miraculous property of the squashed branes C N [µ] is that they lead to a lowenergy sector consisting of three generations of bosonic and fermionic chiral zero modes, which are oblivious to the background rotation, and governed by a standard Poincare-invariant 4-dimensional field theory at low energies. This "miracle" can be understood by the fact that the chiral fermionic and bosonic zero modes arise at the intersection of the different sheets of the fuzzy brane at the origin [15] . In addition, there is a sector of fluctuation modes which couple to the background rotation. This sector is not described by an ordinary field theory. We provide a formalism for an appropriate description, and argue that it is stable and suppressed at low energies, provided no resonances arise.
Studying the fluctuations around these backgrounds leads to further intriguing results. If the three rotation frequencies ω i along the 3 internal rotation axes coincide, there are a number of bosonic zero modes (and no negative modes), which form chiral supermultiplets with the fermionic zero modes. However if the ω 2 i slightly differ, then some of these bosonic would-be zero modes acquire a negative mass, pointing towards further spontaneous symmetry breaking. We indeed find some non-trivial exact solutions of the interacting system where some of these modes are switched on. The scale of their vacuum expectation value (VEV) is set by the difference of the ω i , which is a classical quantity imprinted in the background. This mechanism also applies in the presence of the soft SUSY breaking flux term in [15] . A further hierarchy is introduced by the quantum numbers of the background brane C N [µ], which may be large. These are solid mechanisms for introducing a low scale into the theory, which are clearly protected from quantum corrections.
To get some insight into the emerging low-energy physics, we start exploring the (rather complicated) structure of the Yukawa couplings between the low-energy Higgs modes and the chiral fermions, as well as the couplings between the low-energy fermionic currents and the gauge fields. This is particularly interesting for stacks of such branes. The resulting pattern of fermions linking a stack of point branes attached to C N [µ] branes leads quite naturally to the matter content of the standard model coupled to the appropriate gauge fields, with all the correct quantum numbers. It turns out that only a special subset of the Kaluza-Klein tower of gauge fields couples to the low-energy currents, which includes in particular a pair of "chiral" gauge fields with distinct coupling to different chiral fermion modes attached to the brane, independent of generation. Additional fields such as various gauginos and higher Kaluza-Klein modes also arise, and no claim on the physical viability can be made at this point. Nevertheless, it is striking that one can arrive quite naturally in the vicinity of the standard model (in the broken phase), reproducing precisely all its odd quantum numbers and even "predicting" the number of generations.
Although the underlying assumption of a spinning background may seem strange at first, it is in a sense very generic. In fact, the assumption of having precisely zero background currents is non-generic, hence the present discussion is quite natural. The solutions under consideration arise naturally in the presence of a SO(6) R-current condensate with full rank, and appear to be at least meta-stable. However, the stability of the background with its heavy, time-dependent excitations needs to be analyzed in more detailed to establish a reliable basis for further work. In any case, the accumulation of little miracles in the most symmetric of all field theories N = 4 SYM is certainly remarkable, and lends to the hope that these solutions may point the way towards actual physics.
Rotating branes in N = 4 SYM
The action of N = 4 SU (N ) SYM is organized most transparently in terms of 10-dimensional SYM reduced to 4 dimensions:
Here F µν is the field strength, Φ a , a ∈ {1, 2, 4, 5, 6, 7} are 6 scalar fields 2 , Ψ is a matrix-valued Majorana-Weyl spinor of SO(9, 1) dimensionally reduced to 4-dimensions, and Γ a arise from the 10-dimensional gamma matrices. All fields transform in the adjoint of the SU (N ) gauge symmetry, and the coupling constant g is absorbed in the scalar fields Φ. It will be useful to work with dimensionless scalar fields labeled by the roots ±α i of su(3),
where m has the dimension of a mass. Explicitly,
3)
The potential for the scalar fields can then be written as
where
Including variations around some background
the potential can be written as
and similarly φ , and
can be viewed as gauge-fixing function in extra dimensions. Therefore the equations of motion (eom) are
Here we dropped the gauge-fixing function f , as discussed below.
Rotating squashed brane solutions
We recall the construction of the squashed fuzzy coadjoint orbits C N [µ] with singular embedding in R 6 [15] . Let T a , a = 1, ..., 8 be generators of the Lie algebra su(3), with structure constants
canonically normalized with respect to the Killing form
The Cartan subalgebra is spanned by the two Cartan generators H 3 ≡ T 3 and H 8 ≡ T 8 . The remaining generators T α , α ∈ I are combined into the ladder or root generators 14) where α 1 , α 2 are the simple roots and α 3 = α 1 +α 2 , see figure 1. Then the Lie algebra relations can be written in the Cartan-Weyl form as
We recall that the Cartan generators are canonically associated to weights α ∈ g * 0 , such that H α |M = (α, M )|M for weight states |M in any representation. We also recall the Weyl group W, which is generated by the reflections in weight space along the roots α i .
Let H µ be the irreducible representation 3 with highest weight µ = n 1 Λ 1 + n 2 Λ 2 , where Λ i are the fundamental weights of su(3). For any n 1 , n 2 ∈ N, this provides us with 6 hermitian matrices X a (µ) = π µ (T a ), or equivalently
(we will drop the subscript µ from now on). Note that the Cartan generators are not included in the X a . As explained in [15] , the X a can be viewed as non-commutative embedding functions
is a coadjoint orbit of SU (3). This defines squashed fuzzy C N [µ], interpreted as noncommutative brane with squashed embedding in R 6 . For n 1 = n 2 , these are projections of fuzzy CP 2 N [20] . As they stand, these matrices X a are of course not solutions of N = 4 SYM. One possibility is to add a cubic soft SUSY breaking term to the potential, such that they are solutions [15] . Here we pursue a different possibility, following the observation [17] that such branes can often be stabilized by rotation. Thus consider the following ansatz corresponding to rotating squashed fuzzy C N [µ] branes
for i = 1, 2, 3, and ωx ≡ ω i,µ x µ . We allow for different (dimensionless) radii r i and rotation frequency vectors ω i,µ . This amounts to a x-dependent SO(6) rotation. Using the Lie algebra relations, we compute
Similarly,
(2.20)
Hence the eom (2.10) become 
Excitation modes on rotating branes
Consider internal fluctuations around this rotating brane background corresponding to 4-dimensional scalar fields,
or more explicitly
The action (2.11) leads to the equation of motion 5 for the fluctuations
in terms of the "adjoint" Dirac operators
with X α ≡ 2X −α . Here / D mix mixes the polarizations α (in the adjoint of su (3)) and is therefore is time-dependent, while / D diag preserves the polarizations and is static. Using the time-dependent commutation relations for the background (cf. (2.15))
αβ is x-dependent and c i αβ is constant, these are explicitly
Only terms with α − β ∈ I contribute in the first line. We note that
where τ = diag(i, i, −i) is the generator of U (1) ⊂ SO(6) corresponding to the simultaneous rotations of the φ α along the α 1 , α 2 and −α 3 directions (cf. figure 1 ). The equations of motion separate into time-independent and time-dependent terms,
Let us spell out these equations in the complex root basis, starting with (3.3)
along with the 3 conjugate equations. Using the su(3) 5 Recall that we added a gauge-fixing term f 2 to the potential following [15] , which removes the unphysical pure gauge modes from the massless spectrum, thus simplifying the analysis of the vector fluctuations.
as well as the conjugate relations. Note that the first terms are time-independent and diagonal in the polarization, while the second terms are time-dependent and mix the polarizations. It turns out that the solutions to these equations fall into two classes: First, there is a set of (would-be) zero modes which are oblivious to the background rotations, as the second terms in (3.10) vanish. All other modes couple to the background rotation, but are argued to be heavy and hence suppressed at low energies.
Zero modes
The equations of motion admit a set of (would-be) zero modes φ (0) , which are oblivious to the explicit x µ -dependence of the background due to / D mix φ (0) = 0. In view of (3.6) or (3.10), such modes must satisfy
or equivalently
Here denotes the su(3) action on
It is easy to find all solutions of (3.11): These are two equations for each φ β , which state that φ β is an extremal weight 6 vector in V Λ with weight in the Weyl chamber opposite to β. For example, take α = −α 3 . Then T
−α 3 is tantamount to the statement that φ −α 3 is a highest weight vector in V Λ ,
(3.14)
Analogous modes are obtained by acting with the Weyl group 7 W on φ
where w α maps the fundamental Weyl chamber into that of α, i.e. w α · α 3 = α. Particular examples of such modes are given by
for n below some cutoff. They all satisfy (3.11) and thus are oblivious to the background rotation, and
As a consequence, the equations of motion reduce to
We evaluate X explicitly for φ
and the eigenvalue on φ (0) α 3 is the same. Therefore we have obtained the α = −α 3 case of α is given by
where σ i is the sign of the Weyl group element relating α i with the extremal weight Λ (which is in the Weyl chamber opposite to α). This becomes more transparent in terms of the over-complete weight labels
Then the eigenvalues can be written as
and similarly for the opposite roots. While the individual masses can have either sign, they satisfy the sum rule
and similarly for the opposite roots. For r 1 = r 2 = r 3 , we recover M φ i = 0, and all φ
α are exact zero modes.
Conversely, we show in appendix A that for r i = r, all zero modes of the time-independent potential ( X +2 / D diag ) are indeed given by the above modes φ
α , which in turn are zero modes of / D mix . Therefore we have properly identified the massless sector, and shown that it obeys a standard Lorentz-invariant kinematics. Since the φ (0) α modes decouple from the rotation also for different r i , we will continue to denote them as (would-be) zero modes, even though they may acquire non-vanishing masses M 2 α proportional to Λ. Thus among the negative (would-be zero) modes, those with maximal Λ should be the most significant ones.
Finally we need to take into account the reality condition (φ
, mapping the extremal weights Λ to −Λ. For real representations V Λ , the reality condition relates the two opposite extremal modes, so that
For complex representation, which arise in particular for links between different branes, the reality condition relates zero modes with opposite extremal weights in the conjugate representations V Λ and V *
where Ω is the longest element in the Weyl group. To summarize, we have found 6 real or 3 complex zero modes φ
ikx on R 4 , corresponding to the extremal weights WΛ in the decomposition End(H) = ⊕V Λ . As discussed in [15] , they can be interpreted as oriented strings linking the 6 coincident sheets 8 of C N [µ] with opposite flux. This is most obvious for the maximal weight state |Λ, Λ = |µ Ωµ| in End(H µ ), since the |µ can be interpreted as coherent state on a sheet of C N [µ] localized at the origin. Then conjugate modes correspond to reversed links, which are identified by the hermiticity constraint. We will see that for negative mass M 2 i < 0, the mode is stabilized by the quartic terms in the interaction, leading to a non-trivial vacuum expectation value φ (0) i = 0. This introduces a rigid low-energy scale into the massless sector, as discussed below.
The heavy or mixing sector
Now we are interested in the generic solutions of the equation of motion for the fluctuations
The explicit x µ -dependence of the mixing term is indicated by writing / D mix (x). Our time-dependent background admits a modified translation invariance T ∼ = R 4 , acting as
8 assuming that µ has no stabilizer in W; otherwise they link the 3 sheets of squashed CP
with generators
Here τ i generates the appropriate U (1) i ⊂ SO(6) rotation of the scalar fields. Clearly V µ annihilate the background X α . We can therefore organize the fluctuation modes into unitary irreducible representations of T ,
Thus the generalized momentum V µ resp. k µ is conserved, but not the usual momentum p µ associated to ∂ µ . This signals a potentially dangerous situation. However, the results for the zero modes discussed above imply that these φ
are not only eigenfunctions of V µ but simultaneously of the τ i and ∂ µ , with
We will see that all quadratic and quartic interactions of the zero modes φ (0) k (and also for the fermionic zero modes and the gauge bosons) respect the U (1) i rotations, so that the usual momentum p is also conserved. For cubic interactions of the scalar modes with the background such as in (4.1) this is no longer the case, and there may be some Lorentz-violating effects. However those arise only with large momentum transfer, which is suppressed by the highenergy scale, and they occur only for the Higgs fluctuations. This should effectively save Poincare invariance of the low-energy theory.
Now we turn to the generic solutions of (3.29). These are not eigenfunctions of τ i , so that Poincare invariance is broken and replaced by T invariance. This may be acceptable for the heavy modes. Although the concept of mass is no longer well-defined, the spectrum of p = k + ωτ still determines the decay properties of the 2-point functions according to (3.33) . The background rotation can be taken into account using the ansatz
Therefore the x-dependence of the eigenmodes is given bỹ
and we have
is a superposition of plane waves with wave numbers given by p = k + ωτ . Then (3.29) turns into an algebraic equation
where / D mix is independent of x. This is a finite-dimensional linear equation, which for any fixed k has a complete set of eigenmodesφ
The non-trivial issue is whether all these k 0 are real; an imaginary part of k 0 would indicate an instability due to some resonance with the background. For large k, the characteristic polynomial is dominated by the first term, and there are clearly distinct branches with positive and negative generalized "energy" k ± 0 ( k). However in general this is not clear, and depends on the detailed structure of O V . We show in appendix A based on a result in [15] that O V has a strictly positive spectrum apart for the ("regular") zero modes identified above, and a set of exceptional zero modes. All modes except for the regular zero modes are superpositions of different eigenstates of τ i , and hence of different wave-numbers p = k + ω i τ i . Even though we do not have any solid justification, we assume that resonances can be avoided, and separate branches with real k ± 0 ( k) arise. It may help if the three ω i have different space components ω i,µ = (ω 0 , ω i ). Quantum corrections may also be important here. Finally, it is plausible that the cubic "flux" term
arises in the effective action (or it may be added by hand), which is invariant under rotations with ω 1 + ω 2 − ω 3 = 0 9 and can stabilize the present type of background as shown in [15] . In any case, the stability of the rotating background should be studied in more detail elsewhere.
Even if stability holds in the sense that all k 0 ( k) are real, it remains to be shown that the φ (n) k modes are massive (or massless, but not tachyonic). Since all wave-numbers p = k + ω i τ i associated to k have the same group velocity ∇k 0 ( k), this question can be answered once the dispersion relation k (n) 0 ( k) is known, and these modes can have a perfectly nice physical meaning as propagating heavy particles. It is illuminating to observe here the relation with Brillouin zones. The rotating background defines a periodic structure on the non-compact space M 4 = R 4 . Assuming that the three momenta ω i = ω µ i are independent, we can introduce a reciprocal basis a i for the subspace spanned by these momenta supplemented by a vector b such that
w.r.t. the standard Minkowski metric. Then the X ± i are invariant under the discrete translation (sub)group defined by
9 Although rotations with ω 1 + ω 2 − ω 3 = 0 can be gauged away and traded with Wilson lines as shown in section 4.4, they still provide a mechanism for further symmetry breaking as discussed in section 4.1.
for n i ∈ Z and c ∈ R, and the φ k (x) satisfy
Thus the φ (n)
k (x) can be viewed as Bloch wave functions, and the momenta p = k ± ωτ involved are identical modulo the Brillouin zone defined by −π ≤ ka i ≤ π. In particular, these modes behaves like ordinary particles from a low-energy point of view, with dispersion relation k ± 0 ( k). While this "effective" momentum p is conserved only modulo the Brillouin zone, the generalized momentum k is preserved as a vector in R 4 . It is clear that this lattice will generically break Lorentz invariance. The remarkable property of our particular background is that Lorentz invariance is preserved for the (would-be) zero modes.
For illustration, a two-point function made from these modes will have the schematic structure
This is clearly invariant under the generalized translations, and also under ordinary lattice translations T . For x, y on the lattice T , the ω i drop out, and
This is now an ordinary 2-point function governed by the (presumably "massive") dispersion relation k 0 ( k), and Lorentz invariance is broken except for the zero modes.
Fermions
The spectrum of 4-dimensional fermions and their masses is governed by the Dirac operator on squashed C N [µ]. In the time-dependent background, it can be written as
where the spinorial ladder operators
In particular, the partial chirality operator on R 2 i is given by 
This follows immediately from the decomposition (3.47) of the Dirac operator, noting that
Analogous zero modes / D (6) Ψ Λ = 0 are obtained for any extremal weight Λ ∈ WΛ in V Λ :
for suitable spin states |s 1 , s 2 , s 3 . They can be obtained successively by applying a (generalized) Weyl reflection relating extremal weights Λ in adjacent Weyl chambers as follows:
provided Λ and w i Λ are extremal weights of V Λ in adjacent Weyl chambers. Here ω i implements the Weyl reflection w i on the internal spinor space (C 2 ) ⊗3 associated to the ∆ 1,...,6 as follows:
For example if Λ = α 3 , then Ψ w 3 Λ =ω 2 ·ω 3 ·ω 1 · Ψ Λ ; note that theω i do not satisfy the Weyl group relations, but this is not a problem here. These spin states are visualized in figure 1 , and fall into chirality classes C L and C R with well-defined internal chirality
These zero modes have definite chirality on R 4 , because Ψ is subject to the Majorana-Weyl condition Ψ C = Ψ = ΓΨ. Moreover, it was shown in [15] that the extremal modes Ψ Λ and Ψ −Λ are related by (internal) charge conjugation and have opposite chirality,
As long as Λ has no stabilizer in W, we can denote them as Ψ 
where the four-dimensional spinors ψ (3), which are among the lowest non-trivial gauge field modes according to section 3.4. It is even more obvious for the gauge fields corresponding to χ L,R , as discussed in sections 4.3 and 6. In other words, different chiralities have different gauge couplings, which is a signature of a chiral model. Of course the total index trγ 5 of the zero modes vanishes and the model is guaranteed to te anomaly free, suggesting some left-right symmetric model. However, more interesting behavior is possible in suitable brane configurations, as explained in section 6.
We have also seen that in the case r i = r j , some of the scalar fields acquire a negative mass, which will lead to non-trivial vacuum expectation values and mass terms for these fermions.
If Λ has non-trivial stabilizer w i ∈ W, the above analysis goes through, but with two fermionic zero modes for each (positive) extremal weight Λ. There is a similar doubling for the scalar zero modes, since then Λ is in the Weyl chamber opposite to two roots. Therefore the fermionic and bosonic zero modes can still be grouped into chiral supermultiplets. Finally, the Λ = 0 modes correspond to a N = 4 supermultiplet of trivial Λ = 0 modes.
Gauge bosons
The 4-dimensional gauge bosons A µ (x) decompose into eigenmodes of the scalar Laplacian X . Since the scalar Laplacian is time-independent, all these modes are governed by a standard 4-dimensional kinematics, in contrast to the heavy Higgs modes discussed above. It is easy to compute its spectrum for equal r i = r, observing that X = r
where C 2 is the quadratic Casimir of SU (3). This gives
so that the |M, Λ states are indeed eigenstates of X . As a check, we recover
since X ± i ∈ | ± Λ, Λ with Λ = ρ = α 3 and (α 3 , α 3 ) = 2. As shown in [15] , it follows that the only zero modes are those with M = Λ = 0, while the lowest non-vanishing eigenvalues arise for M = wΛ with eigenvalues 4(Λ, ρ) ≥ 8r 2 . Via the Higgs effect elaborated in (4.31), these modes acquire a mass 
with su(3) indices in {1, ..., 8}, which form a multiplet (8)
. It is not hard to see that the (1, 1) components do not occur 10 , so that the E ab decompose into (3, 0) ⊕ (0, 3). We focus on the two M = 0 modes in (3, 0) and (0, 3). Having weight zero means that they commute with the Cartan generators H α , and diagonalize on the extremal weight states in End(H). One hermitian combination of these is given by the orientation form Θ, defined by
with indices restricted to the roots. This is invariant under the Z 3 subgroup of Weyl rotations, odd under reflections, and reduces in the semi-classical limit to the (symplectic) orientation 10 they could only be ∼ f ab c T c , however this is ruled out by tr(ε
form Pfθ on the left-and right-handed sheets C L and C R of the 6-dimensional branes C N [µ] [15] . Therefore Θ takes eigenvalues ±c on the left-and right-handed maximal states Ψ Λ . The other hermitian combination is given by any of the three forms
which must be invariant under the full Weyl group (since e.g. w 1 E α 1 ,−α 1 = E α 1 ,−α 1 .). It turns out that if acting on (1, 1), Ξ acts non-trivially on the weight zero states but anihilates all extremal states. For generic representations however, the polynomial function on C[µ] defined by Ξ in the semi-classical limit cannot vanish identically along the edges of the representations, hence we expect that Ξ will assume a non-vanishing eigenvalue on the extremal weight states. By taking suitable linear combinations of Θ and Ξ, we can then define characteristic functions χ L and χ R on the chirality classes C L resp. C R of the extremal fermions Ψ Λ . The corresponding gauge fields couple only to left resp. right-handed fermionic zero modes, which is a crucial ingredient of a chiral gauge theory. Finally for different r i , it is clear that the trivial zero modes M = Λ = 0 persist as above, and the massive modes will get somewhat deformed, but preserving the qualitative features as long as r i ≈ r. The M = Λ = 0 modes become interesting in the case of n coincident branes, where the turn into nonabelian U (n) gauge bosons.
Interactions

Scalar self-interactions and nontrivial Higgs
Now consider the interactions of the scalar zero modes discussed in section 3.1. The quartic and cubic self-interactions are easily obtained from (2.7),
The quartic term will stabilize the (would-be) zero modes, since they always have some nonvanishing commutator [φ α , φ β ] = 0. The cubic term introduces an explicit time dependent interaction, however the momentum conservation is only satisfied if at least one particle has large energy of order ω. Moreover, the cubic interaction term is suppressed since the mass scale ω associated with X α = r α T α e iωαx is much higher than that of the (would-be) zero modes φ (0) α . Therefore for low energies, the quartic interaction should be the dominant one. Now assume that some of these φ α acquire a non-vanishing time-independent VEV, denoted as "non-trivial Higgs" solutions. We should accordingly obtain the equations of motion in the presence of such φ α = 0, separating the time-dependentX α from the time-independent φ α . Consider first the variation of the cubic terms:
using the Jacobi identity. Now the following term vanishes
since φ α is a zero mode on C N [µ]; this follows from the extremal weight property discussed in section 3.1 (in particular, the gauge condition f = 0 holds). Therefore for such backgrounds,
Thus the full equation of motion for our background with non-vanishing Higgs can written compactly as
where / D X ad ≡ / D ad , and we introduce
in analogy to section 3. To maintain the decoupling between the rotating background X α and the low-energy Higgs φ α , we should therefore require that
in addition to (3.17). Then the above equations of motion take the symmetric form
For illustration, we elaborate one non-trivial solution based on the lowest zero modes of type (3.16), given by 
with 
(4.13)
we obtain the eom
Assuming that ϕ 2 i > 0 for all i, the last three equations lead to an inconsistency, which reflects the sum rule M This holds for suitable frequencies ω i , which we assume here. Putting back the dimensions, the scale of the Higgs ϕ is set by the difference of the rotation frequencies
This is a classical quantity imprinted in the background, which is naturally small. This provides a solid mechanism for introducing a low scale into the theory.
It is not clear at this point if the above solution (4.9) is stable. Indeed according to (3.22) , other extremal modes with weight in the same Weyl chamber will also acquire a negative mass in the unbroken phase. The above non-linear equations of motion will couple these modes, and modify also the ansatz for X α . Thus finding a stable Higgs configuration is clearly a challenging task, which should be addressed elsewhere. However let us single out the following Higgs modes (3.16) for later use
They satisfy the decoupling condition (4.7), but lead to a modification of the background X α .
Higgs background and Yukawa couplings
Now consider the interaction of the fermionic zero modes with the above Higgs zero modes. We shall denote them as "would-be zero modes" henceforth, since they may acquire a mass in the presence of a Higgs. The Yukawa couplings between fermions and Higgs modes arise from
where Ψ is subject to the Majorana-Weyl condition Ψ C = Ψ = ΓΨ. We focus on the contribution from the fermionic zero modes 
as discussed above. For suitable n (which may depend on i, Λ), these φ ±(n) i relate extremal weights Λ ∈ WΛ of V Λ in adjacent Weyl chambers,
where w i is the Weyl reflection along α i . Moreover, ∆ ± i implements the same Weyl reflection of the spinors as defined in (3.55), e.g.
It is then easy to see that
for fermionic zero modes Ψ Λ and appropriate n (and only for those). As discussed in section 3.3,ω i · Ψ Λ is the zero mode Ψ w i Λ if w i Λ is adjacent to Λ , but not otherwise; for example if
is not a zero mode. Therefore we obtain Yukawa couplings
relating adjacent fermionic zero modes with the appropriate ϕ (n)
i . There are also terms coupling the fermionic zero modes to various heavy fermionic modes, which presumably can be neglected at low energies.
To summarize, extremal fermionic zero modes in adjacent Weyl chambers related by a Weyl reflection acquire a mass in the presence of a suitable Higgs mode ϕ 
Fermionic currents and coupling to gauge bosons
The interaction of the fermionic zero modes with the gauge bosons is given by
and we decompose the gauge field into the |M, Λ modes in End(H µ ),
We are primarily interested in the currents which arise within the low-energy sector, due to fermionic (would-be) zero modes Ψ Λ with extremal weights Λ in End(H) as discussed above. Since J µΛ M does not involve any internal Clifford generators, both fermions must have the same internal spins, hence their extremal weights Λ, Λ must be in the same Weyl chamber (see figure 1) ; for example, both must be highest weights. Thus J 2 r 2 (Λ, Λ + 2ρ) using (3.63), assuming r i ≈ r. The most interesting such modes are the χ L and χ R modes identified in section 3.4, which couple to left resp. right-handed fermionic zero modes C L resp. C R of the extremal fermions Ψ Λ . This is a crucial ingredient of a chiral gauge theory.
Higgs -gauge bosons coupling
The interaction of the scalar fields with the gauge bosons arises from their kinetic term, via
Keeping only the quadratic terms in the fields, this leads to
after some straightforward algebra, using the decoupling property [X can be viewed as vector-valued functional on g * 0 , where ω ±α i = ±ω i and r ±α i = r i . The linear term in A µ is an unphysical pure gauge term, and can be removed by a non-abelian gauge transformation U = e ic β xH β . This preserves the weight structure and therefore the gauge condition [X α , φ α ] = 0, and acts on the embedding as
It amounts to a shift of the frequency vectors
unchanged. Under this transformation, λ µ changes as
hence we can always choose the gauge λ µ = 0 since the c β µ are arbitrary. Thus in general, this gauge choice may amount to switching on a non-trivial gauge field or a Wilson line (4.33). However for simple backgrounds, this linear term vanishes anyway, recalling that we are free to choose the sign of ω i . E.g. for ω 1 = ω 2 = −ω 3 = ω, we have
(4.36) 11 In the IIB matrix model, such a gauge transformation would turn the stack of R 4 θ branes into a stack of transversally shifted copies of R even for A µ = 0. Dropping this term, the action governing the gauge bosons and scalars in the rotating background is
up to higher order terms. The canonically rescaled scalar fields are hence given bỹ
The first term is the kinetic energy of the rotating background. The last term leads to the mass m 2 A (3.63) of the gauge fields in terms of the eigenvalues of m 2 X , as anticipated. As usual, the cubic and quartic terms above will lead to interactions of Higgs fluctuations and the gauge fields, and the rotation drops out. In the presence of a non-trivial Higgs VEV φ α , the higher-order terms in φ α must of course be included, however this is beyond the scope of this paper.
Stacks of branes
Now consider fermions in a background which consists of a sum of different branes of the above type, such as
Although a priori the different blocks might have independent parameters, stability suggests that the rotation vectors ω i are the same for all branes, and for simplicity we assume that also the r i are the same. Then the above X a can be written in the familiar form
where T a acts on the reducible representation H Λ 1 ⊕ H Λ 2 . Some blocks may be trivial, with H 0 = C and T a = 0, corresponding to point branes located at the origin. The fermions on the diagonal blocks behave as discussed above. On a point brane, there are only trivial fermionic zero modes Λ = 0 with degenerate spin states. The off-diagonal fermions can be written as Ψ 12 = |s i |µ 1 , Λ 1 µ 2 , Λ 2 |, and live in
. Therefore all our results from section 3.3 on fermionic and bosonic zero modes carry over directly to the off-diagonal blocks: The (would-be) zero modes can be collected into N = 4 supermultiplets of trivial Λ = 0 modes, as well as chiral supermultiplets labeled by the extremal weights Λ in End(V µ ). On a stack of squashed C N [µ i ] branes, this leads to a quiver gauge theory, with gauge group U (n i ) on each vertex µ i and arrows labeled by Λ corresponding to the chiral supermultiplets in Hom(V µ i , V µ j ) with extremal weights Λ. These fields transform in the bi-fundamental (n i ) ⊗ (n j ) of U (n i ) × U (n j ). Charge conjugation relates the modes Λ and ΩΛ with reversed arrow, i.e. Hom(V µ i , V µ j ) with Hom(V µ j , V µ i ), so that these fields are not independent.
The case of a squashed C N [µ] brane and a point brane is particularly interesting:
Point branes attached to squashed brane
Consider a background consisting of a C N [µ] brane and a point brane at the origin:
The first block is given by End(H 1 ) with H 1 ∼ = V µ a highest weight module with highest weight µ. The off-diagonal modes live in H 12 = Hom(C, V µ ) ∼ = V µ and H 21 = Hom(V µ , C) ∼ = V * µ , with extremal weights Λ ∈ Wµ resp. Λ ∈ −Wµ. This leads to 6 independent off-diagonal fermionic and bosonic zero modes.
Let us discuss the fermionic zero modes Ψ can induce such a mass term, and the couplings between the fermionic zero modes and various heavy fermionic modes can presumably be neglected at low energies. Hence the off-diagonal sector is relatively simple.
Off-diagonal Higgs S 12
The off-diagonal scalar modes are parametrized as
Since H (12) = V µ and H (21) = V * µ , we can apply the general results in section 3.1: There are 6 complex scalar (would-be) zero modes denoted as
12 The notation S is used to emphasize the analogy with the S Higgs in [14] . with extremal weights µ ± i ∈ Wµ in the Weyl chamber opposite to ±α i . The other off-diagonal modes are then determined by the hermiticity constraint,
This has the extremal weight −µ ∓ i in the Weyl chamber opposite to ±α i (just like µ ± i ), corresponding to the 6 (would-be) zero modes in H (21) = V * µ = Vμ. Therefore the off-diagonal low-energy modes correspond to the extremal weights in complex representations V µ ⊕ Vμ, subject to the above hermiticity constraint.
If the ω i are different, some of these off-diagonal modes acquire again a negative mass. To find solutions with S 
We also know ( Therefore the last equation in (5.11) would be easy to handle. On the other hand, the first equations in (5.11) together with
require a modification of the matrix elements of X ± i . The ladder structure of X ± i and hence the crucial decoupling properties should be preserved, since P + is diagonal in weight space. states are localized on one specific sheet C R (or C L ) of C N [µ] with specific orientation, such a configuration breaks the symmetry between the opposite chiralities, leading to a chiral low-energy gauge theory with fermions of different chirality behaving differently. We will briefly discuss in in section 6 how one might obtain in this way an effective low-energy behavior resembling the standard model.
Yukawas for off-diagonal fermions and Higgs
Finally we want to understand the impact of an off-diagonal Higgs S a (12) as in (5.6) to the off-diagonal fermions Ψ 12 µ . We compute arise, connecting D l with the points C L and C R in D u resp. D d . We denote these off-diagonal fermions as follows:
These play the role of the leptons, with the appropriate chirality. Here i = 1, 2, 3 corresponds to the generations. This background admits an unbroken U (2)×U (1) To obtain baryons, we add three extra baryonic point branes D b j , j = 1, 2, 3. Now assume that there is no Higgs linking these baryonic branes and the leptonic ones 14 . We denote the fermionic zero modes linking D b j with D u resp. D d according to chirality as
The unbroken symmetry can then be organized as
, where the electric charge generator
gives the correct charge assignment via the adjoint (cf. [15] ), and U (1) tr is the overall trace-U (1). Here 1 ul = 1 u + 1 l , and Q is traceless. The U (1) tr decouples in N = 4 SYM, but it acquires an interesting role related to gravity in the IKKT matrix model [22] . Now consider the lowest massive gauge bosons. As explained in sections 4.3, only those gauge bosons with weight M = 0 couple to the low-energy currents arising from the offdiagonal fermions. In the absence of S ul , the lowest among those are the M = 0 modes in (1, 1) ⊗ u 2 where u 2 denotes the su(2) algebra acting on the coincident branes D u , D d . Let us however first discuss the next-to-lowest modes, given the χ Since the latter is anomalous upon restricting to the off-diagonal zero modes 15 , it seems more natural to replace it by the combination
corresponding to weak hypercharge, which is traceless and anomaly free in the off-diagonal lowenergy sector. We simply assume here that this happens through some unknown mechanism. It is plausible then that Y inherits the mass of χ d R , which is also the mass of the W bosons
For the zero modes, this leads to the Gell-Mann-Nishjima formula 2. This suggests that they tend to be heavier than the off-diagonal fermions, which have a rather clean structure of Yukawas. The details are clearly complicated and require much more work.
We also recall that for branes C[µ] with large µ, the heavy off-diagonal fermions (5.5) are much heavier than the W mass. This is an important improvement over the configuration in [14] . While the "internal" sector of zero modes on the D u,d is much simpler and cleaner on minimal branes C[ (1, 1) ], the heavy off-diagonal fermions would be roughly at the same scale as the W mass. Hence the case of large µ seems more attractive from the particle physics point of view.
It is important to note that up to now, we discussed only the "upper-diagonal" Ψ 12 -type modes between the branes. However this gives indeed the full story, since the conjugate Ψ 21 modes are fixed by the MW condition and do not represent independent physical modes. We emphasize again that it is the assumption that S (ul) is connected to C R but not C L which is responsible for turning a left-right symmetric SU (2) L × SU (2) R model into the above chiral standard-like model, starting from N = 4 SYM.
We content ourselves with these qualitative observations here, leaving a more detailed analysis to future work. No claim on the viability of such a scenario can be made. However, given the special status of N = 4 SYM (and the IKKT matrix model), it is certainly very intriguing that one can arrive quite naturally in the vicinity of the standard model (in the broken phase), reproducing all its odd quantum numbers and even "predicting" the number of generations.
Energy and current
Let us compute the energy density of the background, which in our conventions is given by
Assuming r i = r and ω i = ω and using Φ Φ a = −ω 2 Φ a , we obtain
using (2.22) . Here tr( α∈I T α T α ) can easily be evaluated in a given representation, cf. [15] . This is clearly a very large energy density, set by the UV scale of the model. Similarly, the total R-current corresponding to the sum of the 3 commuting U (1) i rotations with frequency ω is
where t i generates U (1) i . Hence the energy per R-charge is
The above expressions for E and J µ apply quite generally for various rotating brane solutions. For example, there are rotating fuzzy sphere solutions given by X are the spin l generators of su(2). All these solutions have the same energy per R charge ratio for given ω (the formulae apply even for a rotating plane wave solution X ± i ∼ mre ±iωx with light-like current J µ ∼ ω µ ). Therefore any of these solutions costs the same energy per given R-charge density, and there is no clear "ground state" with lowest energy per R charge. In particular, there is no obvious instability of the squashed brane background under consideration in this paper.
Discussion and conclusion
We have studied certain generalized "vacua" of N = 4 SYM which are not Poincare-invariant but admit a generalized translational invariance (3.30), due to spinning scalar fields. We found a remarkable class of such backgrounds leading to a low-energy sector of excitations with Poincare-invariant kinematics, which is largely oblivious to the background rotation. These backgrounds have a geometrical interpretation as spinning fuzzy squashed coadjoint orbits of SU (3) introduced in [15] , embedded in 6 extra dimension. We started to explore the physics of the low-lying excitations, which includes fermionic zero modes with distinct chiralities, analogous scalar zero modes, and a tower of gauge bosons. If the 3 rotation frequencies ω 2 i of the background are slightly different, then some of the scalar (would-be) zero modes acquire a non-trivial VEV, with scale set by the difference of the frequencies. This provides a solid mechanism for introducing a low scale into the theory, with a stable hierarchy between the lowest fermions and the rotation scale.
In addition to these zero modes, the branes lead to generalized Kaluza-Klein towers of "heavy" modes, which couple to the rotating background. We assume that there are no instabilities due to resonances, for suitable choices of the three rotation frequencies. A finitedimensional equation governing these heavy modes is found, which should allow in principle to determine all the required properties of the heavy sector. The stability assumption appears to be reasonable, but needs to be addressed in more detail elsewhere.
On stacks of such branes, gauge theories of quiver type arise, retaining part of the underlying supersymmetry structure. While the detailed content of these low-energy theories is rather complicated and needs further elaboration, it can be studied effectively using grouptheoretical tools. The structure of the Yukawa couplings is investigated, leading to a intricate pattern of interactions with the low-energy VEVs of the various Higgs candidates.
Finally, we identified simple brane configurations which lead to a low-energy sector close to the standard model, reproducing all the quantum numbers and even correctly "predicting" the number of generations. These standard model matter fields arise as strings connecting different branes. Additional fields arise within the branes, whose detailed structure and physics remains to be clarified. Therefore no claim on physical viability can be made, but it is certainly very intriguing that one can arrive quite naturally in the vicinity of the standard model (in the broken phase), starting from pure N = 4 SYM.
The results and constructions of this paper generalize immediately to the IKKT or IIB matrix model [16] , which can be viewed as a non-commutative N = 4 SYM. While the noncommutative field aspects discussed here should have a smooth commutative limit [21] , the trace-U (1) sector acquires an interesting role related to gravity [22] . The present results are therefore also very encouraging towards considering matrix models as fundamental theories. Furthermore, given the much-studied relation between N = 4 SYM and string theory on AdS 5 × S 5 [23] , it is natural to ask about a dual description in terms of supergravity or string theory. In the present paper, the effective spectral geometry of the extra dimensions was exhibited; its description could be made more explicit along the lines of [22] . On the other hand, the relation with supergravity should be seen upon taking into account quantum corrections. Our solutions are reminiscent of the story of giant gravitons [24] , which are dual to operators with non-vanishing R-charge [25] . Therefore the solutions might be interpreted as a condensate of some sort of giant gravitons in supergravity, however we leave this to future work.
It is clear that the present paper is just the beginning of a new approach to obtain interesting low-energy physics from N = 4 SYM. There are countless issues to be studied in more detail, and many variations are conceivable, with or without explicit flux terms such as in [15] . If the stability of the rotating background and the "heavy sector" can be reliably established, this would greatly expand the scope of N = 4 SYM, moving it much closer to actual physics than previously conceived. How close one can get of course remains to be seen. It is not easy to compute the spectrum of O V , since these operators do not commute. However, we observe that O V differs from the static potential (B.7) in [15] only by the sign of D mix , and the two are in fact unitarily equivalent. Indeed using τ D mix = − D mix τ (3.7), we have
This is precisely the potential considered in [15] , which was shown to be positive definite except for the above zero modes, and a set of exceptional zero modes with Λ = mΛ 1 and Λ = mΛ 2 . This implies that O V is also positive semi-definite. We can recover the ( 
